CIS 500, Spring 2001 Lecture Note 11

Notations and Terminologies: Let X,Y be sets, and f: X — Y.
) Deﬁnef:2x—>2y by )
f(A) ={f(a)| ac A}.
e Define f~1:2Y — 2X by
[ B)={reX| f(z) € B}.

e Define the range of function f by

A

range(f) = f(X).

e Let X be the universe of the discourse. Suppose F C 2%X. The upward closure
of F, denoted by T F, is defined by

TF = {A§X| BgAforsomeBE}"}.
Proposition 1 f s monotone w.r.t. C.
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Proposition 2 f~!

18 monotone w.r.t. C.
IﬁNABQYPQBﬁfﬂmgfﬂm}

Proposition 3 range(f) = 2rangew)

Proof: Suppose that B C f(X). Then, we have

ye f(f1(B) < 3w e f(B) [f(z)=Y]
ez e X [f(z) €B A f(z)=1y]

< y=2~8 because B C f(X), (<) holds.
Thus, X o
B C f(X) = B=f(f(B))
Since o X
[B=f(f(B))] = [B € range(f)],
we have

B € 2"N88) —— B C range(f) <= B C f(X) = B < range(f).

Therefore, range(f) D 27"8()  For range(f) C 27"88()  see the proof in the
following alternative proof. ]
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Alternative proof for Proposition 3:

A

B €range(f) < JAe2¥ f(A) =B def. of range
— JACX|f(A) =B def. of powerset
< VYye Bdre X [f(z) =y see %
— VyeB [yef(X)]
<= Yy € B [y € range(f)]
<= B Crange(f)
< B e 2rangel),

% We shall prove that
JACX

~

f(A):B] — Vye Bire X [f(z) =y

[evemmm

3AC X [f(A):B] — JAC XWye B [yef(A)]

= JAC XVy € BIr € A [f(z) =]
— JAC XVy € Blr € X [f(z) =y]
— VyeBre X [f(z) =1y].

The reason for the last step above is that: The quantified variable A does not occur
inVy € Bix € X [f(z) =y].

Vy€e Br e X [f(z)=y] = Vy € Bir € f_l(B) [f(z) =]
—yeB [ye f(f(B)
— BC f(j7(B))
= BC [(f(B))
— B=f(/7'(B))
— JACX [f(A) :B]

~

A FFNB) C B

Note that f(f~'(B)) C B is a theorem. [
Proposition 4 B = f(f(B)) iff B C range(f).

Proof:
B=f(f7(B) <= BCJ(f(B) A [(f(B)CB
—vyeBlye f(j(B))
Wy € B [1(B)[f(x) =]
<= Vy € Bir € X [f(z) =]
<= B C range(f).
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~

Proposition 5 f(ANB) C f(A)N f(B).

Proof:

y€ f(ANB) < 3 € (AN B) [f(z) =y
< Jzr€eANzxeEB A flz)=y]
< dz[(z€e AN flx)=y) N (€ B A f(z)=y)
— Jz[zre AN flx)=y]| AN Jx[zr€eB A f(z)=
< yefA) Ayef(B)
= ye f(A)nf(B)

]
Y]

O
Proposition 6 AN B C f~X(f(A) N f(B)).
Proof:
reANB = f(z) € f(ANB)
e f(f(AnB))
— z e f~Yf(A)n f(B)) by Propositions 5 and 2.
O

Proposition 7 Let f : X — Y and F C 2% be a filter in space X. Then, f(F) is
closed under finite intersection.

Proof: Let U,V € f(]—") Then, there exist A, B € F such that,
f(A)=U and f(B)=V.

Since F is a filter, F is closed under finite intersection and hence AN B € F. By
Proposition 6 we have

ANBC AN f(B) = V).
Since F is a filter, F is closed under superset and hence f “L(UNV) e F. Since
Unv=f(A4)nf(B) C f(X),

by Proposition 4, we have

A

fF T Unv)=unv.

Therefore, UNV € f(]—") [
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Example 1 There is a function f : X — Y such that, for some filter F in X, f(F)
is not a filter in'Y.

By Proposition 7, we know that f (F) is closed under finite intersection. Thus, we

have to show that f (F) is not closed under superset in space Y.

Let X =Y = {0,1}. Define f by f(0) = f(1) = 0. Let filter F = 2X. We have

fF) ={f(4)| AeF}
={f(4)| Aec2"}
={f(4) | AcCXx}
= {0,{0}}.

Clearly, {0, {0}} is not closed under superset in space Y. Thus, f(F) is not a filter
w.r.t. Y. O

Proposition 8 Let X be the universe of the discourse. Suppose that F C 2% is
closed under finite intersection. Then, T F is a filter.
Proof: Let A, B €T F. By the definition of T F, there are C, D € F such that,
CCA and D C B.
For such C' and D, by the assumption, C' N D € F. Since
(CND)C(ANB),

it follows that

ANBe T F.
Thus, T F is closed under finite intersection. By the definition of T F, it is clear that
T F is closed under superset. Therefore, T F is a filter. [l

Proposition 9 Let X be the universe of the discourse and D C 2%X. Then

1D =1D.

Definition 1 Let D C 2X. We say that D is a filterbase iff
VA BeD3CeD|[CCANB|.
Comment: The definition of filterbase for D does not imply that D is closed under

finite intersection. For example, {0, {a, b}, {a,c}} is a filterbase but not closed under
finite intersection.

P-4



CIS 500, Spring 2001 Lecture Note 11

Proposition 10 Let X be the universe of the discourse. Suppose that D C 2% is a
filterbase. Then, T D is a filter.

Proof: Since D is a filterbase, it follows that T D is closed under finite intersection.

e By Proposition 8, we have that 17T D is a filter.

e By Proposition 9, 1T D = T D and hence T D is a filter. O

Notations: For each z € X, let F, denote the collection of filters in X such that,
(1) F, is closed under superfilter, i.e., if F; € F is a filter and F} C F5 is also a filter,
then I, € F, and (ii) T {z} € F,. The same notation applies to D,

Definition 2 (Continuity) Let f : X — Y where (X, F) and (Y, D) are conver-
gence spaces. We say that f is continuous at x iff

VFEeF |1 /(F)eDu).
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