CIS 500, Spring 2001 Solutions to Exam 2

Question 1: Let X be set. Suppose that F; C 2% and I} C 2% are two filters. Prove
that F; N Fy is a filter.

Proof:

1. F1 N F5 is nonempty.

Since F; and F5 are two filters in X, thus X € F} and X € F,. It follows that
X € Fi1 N F,. Thus, F1 N F5 is nonempty.

2. Il N F}y is closed under intersection.
Suppose A, B € 1 N F5. We shall prove that AN B € Fy N Fs.

AE(FlﬂFQ) :>(A€F1 VAN AEFQ);
BE(FlmFQ) :>(BEF1 AN BEFQ).

Since F} and F5 are filters, we have

(AGFl VAN BEFl) :>(AHB)€F1;
(AEFQ VAN BEFQ) :>(AﬂB)EF2.

Therefore,

ANBe FNFs.

3. Iy N Fy is closed under superset.

Let A€ (F1NF,). Thus, A€ F; and A € F,. Let A C B with B C X. Since F} and
F; are both filters, it follows that B € I} and B € Fy. Therefore, B € (Fy N Fy). U

Question 2: Part a: If F' is a filter attached to p, then F' C [p].

Proof: Suppose that F' is a filter attached to p. For any A € F', by Definition 0.1, p € A.
By the definition of [p], A € [p]. Therefore, F' C [p]. O

Part b: Prove that [p] is the maximum filter attached to p.

Proof: For this problem, we have to prove that (i) [p] is a filter attached to p and (%) it is
the maximum one. For (i), we prove the following:

1. Since p € X, it follows that X € [p]. Thus, [p] is not empty.

2. Suppose A, B € [p|. By definition, p € Aand p € B. Thus, p € ANB and ANB € [p].
. Therefore, [p] is closed under intersection.

3. Let A € [p|]. Suppose B C X with A C B. Since A € [p]|, we have p € A. Since
A C B, we have p € B, and thus B € [p]. Therefore p is closed under superset. U

Therefore, [p] is a filter and, by its definition, it is attached to p.

For (i7), suppose M is a maximal filter attached to p. Since [p] is a filter attached to
p and by the assumption on M, we have [p] C M. By Part a, M C [p]. Thus, M = [p].
Therefore, [p| is the maximum filter attached to p. O
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Question 3: Let f: X — Y. Suppose that G C 2Y is a filter. Define F' by
F:{ﬁ%myVeG}
Prove that 7 F' is a filter.

Proof:

1. Since G is a filter, G is not empty. Thus, F' is not empty, neither is T F.

2. Let Ay € 1 F and B € 1 F. Thus, there are A, and B, such that,
A, C A;,AI € F andB, C B;,BI e F.
Therefore, there are Ay, By € G such that,
f7Y(Ay) = Ax and f~}(By) = Bx.
Since G is a filter, Ay N By € G. Thus, f_l(Ay N By) € F. Since
Ay n By) € f7H(Ay) 0 f7(By),
we have
AN f T (By) e T F.

Thus, Ax N Bx € F. Moreover, since A, C A, and B, C A/, it follows that
(Ax N By) C (4 N BY). Thus,

Ay N By el F.

3. By the definition of the upward closure, T F' is closed under superset.

Therefore, T F' is a filter. U

Solution to Question 4:

input output
0 0
{0} {0}

{1} {1,6}
{2} {3, 4}
{0,1} {0,1,6}
{0,2} {0,3,4}
{1,2} {1,3,4,6}
{0,1,2} | {0,1,3,4,6}
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